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Exercise 1.
LetG be a Lie group and g its Lie algebra.

(i) Show thatG is abelian, then g is abelian.

(ii) Assuming thatG is connected, show that if g is abelian, thenG is abelian.

(iii) Provide an example of a non-abelian Lie groups whose Lie algebra is abelian.

Exercise 2.
We show that classification of Lie algebras in practice asks some work.

(i) Classify all 2-dimensional Lie algebras over R up to isomorphism.

(ii) Determine all non-abelian 2-dimensional Lie subalgebras of gl(3,R) up to conjugacy by elements of
GL(3,R) and provide a basis for a representant in class.
Hint: use the Jordan normal form.

Exercise 3.
In this exercise we show that the exponential map is not necessarily surjective, even on the connected
component of the identity.
Fix the matrix

A = (
−
1
2 0
0 −2

) ∈ GL(2,R) .

(i) Show that A is connected to the identity ofGL(2,R).

(ii) Show that A is not a square inGL(2,R).

(iii) Show that every element in the image of the exponential map of a Lie group is a square.

(iv) Conclude that A is not in the image of the exponential map ofGL(2,R).


